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The subset sum problem for finite abelian groups
1. Abstract
Let G be a finite abelian group. For g ∈ G and i an integer we define
N(i, g) = #{S ⊆ G : #S = i,
∑
s∈S s = g}, the number of subsets of G of
size i which sum up to g. We will give a short proof, using character theory,
of a formula for these N(i, g) due to Li and Wan. We also give a formula for
N(i, g)∗ = #{S ⊆ G \ {0} : #S = i,
∑
s∈S s = g}, which generalizes another result
of Wan.
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2. Main theorem
In this article we fix a finite abelian group G of size n and we let 0 ≤ i ≤ n.
Definition 2.1. For g ∈ G we define N(i, g) = #{S ⊆ G : #S = i,
∑
s∈S s = g}.
Definition 2.2. For g ∈ G we define e(g) = max{d : d|exp(G), g ∈ dG}.
Remark that e(g) = lcm{d : d|exp(G), g ∈ dG}. Indeed, if g = d1g1 = d2g2 with
g1, g2 ∈ G and d1, d2 ∈ Z with gcd(d1, d2) = 1, then there are integers such that
1 = n1d1 + n2d2. Hence we have
g = (n1d1 + n2d2)g = d1d2(n1g1 + n2g2).
Let µ be the Mo¨bius function and for an integer d let G[d] = {h ∈ G : dh = 0},
the d-torsion of G.
Our main theorem is the following one.
Theorem 2.3. We have the following formula for g ∈ G:
N(i, g) =
1
n
∑
s| gcd(exp(G),i)
(−1)i+
i
s
(
n/s
i/s
) ∑
d| gcd(e(g),s)
µ(
s
d
)#G[d].
Remark 2.4. The above theorem is a slight improvement of Theorem 1.1 in [1].
In [1] a rather long proof is given using some sieving techniques.
Let Gˆ be the set of characters on G with identity χ0 = 1. Note that Gˆ is a group
isomorphic to G. We make the following observation:
n∑
i=0
∑
g∈G
N(i, g)gX i =
∏
σ∈G
(1 + σX) ∈ C[G][X ].
1
2We use the following easy fact. If α =
∑
g∈G αgg ∈ C[G], then αg =
1
n
∑
χ∈Gˆ χ(g)χ(α)
(here we extend χ to a C-linear map χ : C[G] → C). This gives the following for-
mula, where we put Y = −X :
n∑
i=0
N(i, g)(−Y )i =
1
n
∑
χ∈Gˆ
χ(g)
∏
σ∈G
(1− χ(σ)Y ) .
Lemma 2.5. Suppose that χ ∈ Gˆ has order m. Then
∏
σ∈G (1− χ(σ)Y ) = (1 −
Y m)n/m.
Proof. Observe that
∏m
i=0(1 − ζ
i
mY ) = 1 − Y
m, and that we have n/m of such
products. 
Lemma 2.6. We have
∑
χ∈Gˆ:χm=1
χ(g) =
{
#G[m] g ∈ mG
0 g 6∈ mG.
Proof. If χm = 1, we know that the character factors through G/mG. A character
on G/mG induces such a character on G. Hence we deduce the result from standard
character theory. 
Now define the following function:
f(s) =
∑
d|s
∑
χ∈Gˆ:ord(χ)=d
χ(g).
From the lemma above we have f(s) = δg∈sG#G[s]. Using the Mo¨bius inversion
formula we find, for s|exp(G),
∑
χ∈Gˆ:ord(χ)=s
χ(g) =
∑
d|s
µ(s/d)δg∈dG#G[d]
=
∑
d|(s,e(g))
µ(s/d)#G[d].
Hence we find
n∑
i=0
N(i, g)(−Y )i =
1
n
∑
s|exp(G)
∑
d|(s,e(g))
µ(s/d)#G[d](1 − Y s)n/s.(1)
We single out N(i, g) and obtain:
(−1)iN(i, g) =
1
n
∑
s|(exp(G),i)
∑
d|(s,e(g))
µ(s/d)#G[d](−1)i/s
(
n/s
i/s
)
.
Hence we find
N(i, g) =
1
n
∑
s|(exp(G),i)
(−1)i+
i
s
(
n/s
i/s
) ∑
d|(s,e(g))
µ(s/d)#G[d].
This finishes the proof of Theorem 2.3.
33. Related problem
We will now generalize Theorem 1.2 from [2]. For g ∈ G we define N(i, g)∗ =
{S ⊆ G \ {0} : #S = i,
∑
s∈S s = g}. We have the following result.
Theorem 3.1. For g ∈ G we have
N(i, g)∗ =
1
n
∑
s|exp(G)
(−1)i+⌊
i
s
⌋
(
n/s− 1
⌊i/s⌋
) ∑
d|(s,e(g))
µ(s/d)#G[d].
Proof. We have the following identity:
n∑
i=0
∑
g∈G
N(i, g)∗gX i =
∏
σ∈G,σ 6=0
(1 + σX) ∈ C[G][X ].
As all characters have value one on 0, we deduce the following from Equation 1:
n∑
i=0
N(i, g)∗(−Y )i =
1
n
∑
s|exp(G)
∑
d|(s,e(g))
µ(s/d)#G[d](1 − Y s)n/s−1(1 + Y + . . .+ Y s−1).
Comparing the coefficients gives the result. 
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